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Abstract. Matter makes a transition from non-relativistic to relativistic regime, as it falls onto a
black hole. We employ a relativistic equation of state, abbreviated as RC, to study multi-species
fluid flow around black holes. We show that pair-plasma fluid around a black hole is thermally not
relativistic. In order to make it relativistic, a finite baryon loading is necessary. As a consequence of
this, pair-plasma flow do not suffer centrifugal pressure driven shock in accretion. However, fluid
with finite baryon content may undergo shock transition.
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ASSUMPTIONS AND EQUATIONS OF MOTION
Studies on accretion on to black holes are pursued in order to explain the radiation
emitted, or formation of jets from AGNs or X-ray binaries. The inner boundary condition
of black hole accretion, allows only sub-Keplerian matter to cross the horizon with the
speed of light c. Thus, accretion onto a black hole is necessarily trans-relativistic and
transonic. A fluid is relativistic, if its bulk velocity v∼c, and/or, its thermal energy is
comparable to its rest energy. A thermally relativistic fluid is indicated by its adiabatic
index Γ∼4/3, and a non-relativistic fluid by Γ ∼ 5/3. The fixed Γ-law (hereafter ID)
equation of state (EoS) is inadequate and ignores the temperature dependence of Γ [1, 2,
3] Instead a relativistic EoS [4, 5, 6, 3] should be used to describe such a fluid. Solutions
of relativistic fluid around black holes have been undertaken by a number authors [7, 8,
9, 10, 11, 12, 13].Apart from few authors [8, 9, 12], majority of them used the ID EoS. In
this paper, sonic point properties and solutions of multi species, rotating fluid has been
studied. We show that, pair plasma fluid is the least relativistic compared to fluids with
finite baryonic content.
To simplify the problem let us consider, an inviscid, rotating, non-magnetic fluid
accreting around a Schwarzschild black hole. The fluid is assumed to be composed of
electrons, positrons and protons, and the flow geometry is wedge shaped. The equations
of motions in steady state are,
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FIGURE 1. Ec is plotted with log(rc). (a) Each curve parametrized by λ = 0.0 (solid), 2.8 (dotted), 3.0
(dashed), 3.2 (long-dashed), 3.4 (dashed-dotted) and 3.6 (long dashed-dotted), for three type of fluid given
by ξ = 1.0 (top), 0.5 (middle) and 0.0 (bottom). (b) Each curve represents fluid of different composition,
but for same λ = 3.2.
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Here, uµs are the components of 4-velocity. And n, p, e are the total particle density,
the pressure, and the energy density, respectively. The system of units used is G = M =
c = 1. The most commonly used equation of state (EoS) is ID e = ρc2 + p/(Γ− 1).
However, we employ a relativistic EoS which is abbreviated as RC [3],
e = ρc2 + p
(
9p+3ρc2
3p+2ρc2
)
, (4)
The total particle number density is n = ne + n+ + np, where, ne, n+ and np are the
electron, the positron and the proton number densities, respectively. Moreover, mass
density ρ = Σnimi = neme{2−ξ (1−1/η)}, where ξ = np/ne and η = me/mp. Eqs.
(1-3) along with Eq.(4) are simplified and we get two dependent equations of dv/dr and
dΘ/dr, where v2 = (−urur/utut)/
(
1− v2φ
)
, v2φ = −uφ uφ/utut , and Θ = kT/(mec2).
Moreover, the two constants of motion, specific energy and angular momentum of the
flow are,
E =
( f +2Θ)ut
(2−ξ +ξ/η) , λ =−
uφ
ut
, (5)
where f = (2−ξ )[1+Θ(9Θ+33Θ+2)]+ξ
[
1/η +Θ
(
9Θ+3/η
3Θ+2/η
)]
.
RESULTS AND SUMMARY
Since accretion onto black holes is necessarily transonic, therefore the fluid will make a
transition from subsonic to supersonic velocity at the sonic point rc. The specific energy
Ec at rc is presented in Fig. 1, which shows that sonic point properties depend on both
λ and ξ . While fluid with finite baryons admit 3 sonic points in significant portion of
(a) (b)
FIGURE 2. Parameter space (E ,λ )for three sonic point. Each curve represents, (a) ξ = 1.0 (solid),
0.8 (dotted), 0.6 (dashed), 0.4 (long-dashed). (b) ξ = 0.2 (long dashed), 0.1 (dashed dotted), 0.05 (long
dashed-dotted), 0.01 (long-short dash).
FIGURE 3. Mach number M is plotted with log(r) for fluids of (a) ξ = 1.0, (b) ξ = 0.5 and (c) ξ = 0.0,
and for same E = 1.00096 and λ = 3.2. The position of inner rci, and outer rco X-type sonic points are
shown in the figure.
the parameter space (top and middle panel of Fig. 1a), but purely pair plasma (bottom
panel of Fig. 1a) do not show the existence of 3 sonic point. This fact is also vindicated
by Fig. 1b. The parameter space E −λ , for 3 sonic point is constructed for each ξ by
connecting the extrema of Ec—rc plot, and is represented in Fig. 2. The proton content
decreases as ξ decreases, and the fluid becomes more relativistic and the flow becomes
more energetic, however, as ξ→0, the fluid becomes too cold, and the parameter space
for three sonic point shrinks to zero. In Fig. (3a-c), the solution topologies are plotted
for (a) ξ = 1.0, (b) ξ = 0.5 and (c) ξ = 0.0, where (E ,λ )=(1.00096,3.2). It clearly
shows that, the actual solution strongly depends on the composition of the fluid even for
same E and λ , and vindicates our parametric study that pair plasma (ξ = 0.0) has no
multiple sonic point. If multiple X-type sonic points exist, then the possibility of shock
wave enhances. We check for standing adiabatic shock conditions for relativistic fluid
[1]. In Fig. 4a, we plot the shock location rs with E for λ = 3.3, 3.4, and for different
composition of the fluid, i.e., ξ = 1.0 (solid) and 0.8 (dotted). In Fig. 4b, the parameter
space for standing shock is plotted for different ξ s. The shock parameter space moves
up and rightward for 1≥ξ≥0.2, however, moves down and leftward for ξ < 0.2. In Fig.
(a) (b) (c)
FIGURE 4. (a) Variation of shock location rs with E for two values of λ s (3.3,3.4), and for different
values of ξ = 1.0 (solid) and ξ = 0.8 (dotted). (b) Parameter space (E ,λ ) which admits shock solution,
ξ = 1 (solid), 0.8 (dotted), 0.6 (dashed), 0.4 (long dashed), 0.2 (dashed-dotted). (c) The bounded domain
allows 3 sonic points, the shaded one is for shocked fluid, for electron-proton fluid (solid) and with ID
EoS (dashed).
4c, the full parameter space for solution of a fluid with ID EoS, and an electron-proton
fluid with RC EoS is compared, which signifies the importance of using correct physics.
It is clear that, fluid with same energy and angular momentum but of different com-
position, not only produce different solution topologies, even their observable properties
such as shock also depend strongly on the composition. And if indeed, these shocks
explain the high energy spectra of black hole candidates [14, 15], or generation of jets
[16, 17], then it is of utmost importance that we use correct physics. Since most of the
hard radiation originates closer to the horizon, hence modelling the inner region with
relativistic EoS as well as consideration of correct fluid composition is very important
to understand the physics of the inner region of an accretion disc.
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